We study impurity scattering in the normal and d-wave superconducting states of line nodal semimetals and show that, due to additional scattering phase space available for impurities on the surface, the quasiparticle interference pattern acquires an extended character instead of a discrete collection of delta function peaks. Moreover, using the T -matrix formalism, we demonstrate that the conventional behavior of a scalar impurity in a d-wave superconductor breaks down on the surface of a line nodal semimetal in the quasi flat band limit.
Introduction: A recent member to the class of topological states [1] [2] [3] of matter include line node semimetals, in which two bands are degenerate over an extended region have gapless excitations [4] . A number of materials have been proposed to exhibit such line node characteristics [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , a list which is growing remarkably rapidly. These proposals, in turn, have inspired numerous theoretical studies of novel properties of this intriguing band structure [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] .
Inducing proximate superconductivity in topological states presents an intriguing playground for exotic forms of superconducting matter [25] [26] [27] [28] [29] . Notably, high temperature proximity-induced superconductivity has been realized on canonical topological insulators bismuth selenide and bismuth telluride, using a d-wave cuprate superconductor [30] . Recent reports of tip-induced superconductivity in point node semimetals are an exciting new development in exploration of such phenomena [31, 32] .
At the same time, quasiparticle interference has proved to be an important tool in establishing and characterizing the fingerprints of topological matter. Surface states of topological insulators have been imaged and their spin-momentum locking has been revealed using scanning tunneling spectroscopy [33] [34] [35] [36] [37] [38] . More recently, gapless topological phases of matter, Dirac and Weyl semimetals, have also been studied using scanning tunneling microscopy, where signatures of Fermi arcs have been found [39] [40] [41] [42] [43] .
In this work, motivated by these advancements, we explore the quasiparticle interference in normal and superconducting line node semimetals focusing on both bulk and surface properties. We show that, unlike in conventional two dimensional metals where nodal superconductivity yields point nodes, the surface of a line nodal semimetal gives rise to line nodes. As a consequence, due to the additional impurity scattering phase space available within the area of the flat band, the quasiparticle interference pattern on the surface of a line nodal semimetal acquires an extended character in the Brillouin zone instead of a collection of discrete delta function peaks. Additionally, using the T −matrix formalism, we examine the resonant state energy dispersions of a single scalar impurity on the surface of a line nodal semimetal with d−wave pairing. Our calculations point to a momentum averaged Green function which contains a power law type contribution, in addition to the logarithmic term usually found for nodal superconducting quadratic bands. Such a contribution, unlike the case of two dimensional electrons with quadratic bands, admits two different under-damped solutions to the resonant state energies: the first is a broad, low intensity mode located closer to the continuum that disperses toward zero energy in the unitary limit; the second is a more intense, sharp, lower energy mode that disperses away from zero energy. We argue that first mode may be challenging to access experimentally while the second can be more readily observed. Our results also signal a destruction of zero bias tunneling peaks (in the unitarity limit) on the surface of a line nodal semimetal with d−wave pairing and could, thereby, motivate future scanning tunneling experiments on line node semimetals.
Toy model for a line nodal semimetal: To begin with, we briefly describe a slightly modified version of the tight binding toy model put forth in Ref. [44] and study some of its bulk and surface properties. Equipped with a basic understanding of these properties, we go on to study the impurity induced quasiparticle interference patterns in both the normal and superconducting states of the line node semimetal. We take our tight binding Hamiltonian on a square lattice to be of the form (we use the same notation as in Ref. [44] to make the comparison explicit) 
where τ i , σ i are the Pauli matrices in the orbital and spin basis respectively and a, c are the in-plane and out-of-plane lattice constants. The function g( k ) is defined as g( k ) = 1 + cos(ak 0 ) − cos(ak x ) − cos(ak y ). We set the parameters to the following val- In Fig.1 , we plot the local density of states (LDOS) in the bulk and surface of the model described in Eq. 1 at zero energy. The top row shows the LDOS in the bulk (left) and surface (right) in the normal state. In the bulk, there is a continuous contour of Dirac nodes at zero energy which acquires a toroidal structure at non-zero frequencies (see Supplemental Material [45] ). However, on the surface, a nearly flat band is found which "fills" the bulk contour, the so-called "drumhead states". In our discussions, we will be most interested in the flat band limit of the model where the surface band dispersion is the smallest energy scale in the problem. At non-zero energy, the flat-band behavior on the surface is absent and there is little qualitative distinction between the surface and the bulk [45] . It is also worthwhile to note that it is possible to augment the Hamiltonian in Eq. 1 to include terms which smoothly interpolate between a line nodal semimetal and a Weyl semimetal (see Supplemental Material [45] ).
We now include proximity-induced superconductivity in our setup (see [45] for the details). For the rest of the paper, we will model the superconductor in the even frequency, orbital and spin singlet pairing channel. Noting that fully gapped s−wave superconductors are robust and featureless to scalar impurities due to Anderson's theorem, interesting impurity effects start to appear with nodal d−wave pairing, which will be the main focus of this work. The effect of a d−wave form of the gap on the bulk and surface LDOS at zero frequency is shown in Fig. 1 (bottom row). The intensity in the bulk ( Fig. 1  bottom left) is now reduced to four nodal spots corresponding to the zeros of the d−wave gap function. These nodal points are marked by arrows denoted by Q and Q . However, on the two dimensional surface ( Fig. 1 bottom right) a d−wave gap gives rise to line nodes instead of point nodes− a novel feature of the "drumhead" surface state that does not occur in usual two dimensional superconductors. This would lead to an anomalous scaling of measurable quantities, like the specific heat, leading to a striking difference which could be readily tested in future experiments.
At non-zero energies, the four nodal points that existed in the bulk become slightly extended in momentum space (see Supplemental Material [45] ) along the diagonals of the Brillouin zone due to the toroidal Fermi surface. On the surface, however, when the induced superconducting gap (∆ µν ) is larger than the chosen energy (ω = 0.1 eV and ∆ µν > 0.1 eV), then all the surface bands become gapped except those states along the Brillouin zone diagonal. These states then converge down to the Fermi level to form line nodes at zero energy, while at non zero energy (less than the maximum value of superconducting gap) they form a "petal" like structure.
Impurity scattering: With the analysis of LDOS in the normal and superconducting phases at hand, we are now in a position to examine the effect of impurity scattering on line node semimetals. In the presence of impurities, the electrons in states with high density at the same energy can scatter between these states. This gives rise to interference patterns which can be measured using scanning tunneling methods. Joint density of states (JDOS) has proved to be a useful quantity to compare to experimentally obtained quasiparticle interference patterns and to analyze the possible scattering processes [33] . It can be obtained in a straightforward manner by JDOS( q, z) = DOS( k, z)DOS( k + q, z)d 2 k. The simplicity of the computation then allows a detailed analysis of the obtained interference pattern. Fig. 2 shows the JDOS at ω = 0 ( Fig. 2 panels a-d ) and ω = 0.1eV (Fig. 2 panels e-h ) in the normal (panels a,b,e,f) and superconducting states (panels c,d,g,h). For ω = 0 in the normal state, both the bulk (panel a) and surface (panel b) JDOS show dominant peaks at the Brillouin zone center corresponding to impurity scattering with zero momentum. The 'radius' of the region with non-zero JDOS intensity for both the cases is about twice that of the vectors Q and Q , as is expected from scattering between these states. However, there are some important features that distinguish the surface and the bulk JDOS even without induced superconductivity. First, the intensity of the JDOS is much larger on the surface than in the bulk (at zero energy) due to the surface flat band. Second, the JDOS profile in the bulk (Fig. 2(a) ) is quasi-flat away from zero momentum transfer and peaks steeply at zero momentum. On the other hand, the surface JDOS (Fig. 2(b) ) has a thick cone like feature. This difference is due to the additional impurity scattering contributions originating from all the momenta within the boundary of the surface flat band which is absent in the bulk.
In the presence of induced d-wave superconductivity (Fig 2 panels c,d ,g,h) at zero energy (panels c and d), the bulk (panel (c)) JDOS profile essentially peaks at nine points in the Brillouin zone. These points correspond to q = 0, ±2 Q, ±2 Q , ±( Q + Q ), ±( Q − Q ) which represent the nine different ways to connect the four nodal spots with themselves and with the rest of the others (see Fig. 1 bottom, left) . The surface JDOS (panel (d)) in the presence of induced superconductivity has additional intensity within the square bounded by the momentum vectors ±( Q + Q ), ±( Q − Q ). This is entirely a consequence of the fact that d−wave superconductivity yields line nodes on the surface of a line nodal semimetal instead of point nodes (as in the bulk). In such a scenario, all the momentum vectors that lie within the square, correspond to vectors that connect different points on the X shaped line node (in the DOS appearing in Fig. 1 bottom, right) with each other. This is strikingly different from the situation in d-wave superconductivity in materials lacking the "drumhead" states. This could prove to be an experimentally verifiable signature of the surface states of line node semimetals. As discussed before, at non-zero energies, there is little difference between the bulk (panel e) and the surface (panel f) in the absence of superconductivity; in fact, the surface has a smaller JDOS intensity than the bulk due to the absence of surface states away from the Fermi level. In the presence of d−wave superconductivity, however, the bulk (panel g) and surface (panel h) JDOS profiles start to acquire broadened characteristics in accordance with the LDOS. In such a case, the surface still has a greater intensity than the bulk because surface states with momenta along the diagonals disperse all the way down to zero energy.
Impurity resonant states and T -Matrix approximation:
Next, we analyze resonant states that may arise around the impurities in line node semimetals.To clarify the notation, we briefly outline the T −matrix approximation (for further details refer to [46] ). The total electron Green function is written aŝ
. Here, we have definedĝ 0 (ω) = 1 2πN0 kĜ 0 ( k, ω), with N 0 being the density of states at the Fermi level, and the scattering matrixV given by 1 cτ 3 . We have also used the parameter c = cot(N 0 U 0 ) as a measure of the strength of an isotropic scatterer, following Ref. [47] , where U 0 is the strength of the impurity scatterer. Therefore, the unitarity limit (large scattering strength, N 0 U 0 → π 2 ) corresponds to the case when c → 0.
Before we move on to the superconducting state of a line-nodal semimetal, we briefly recall known results regarding resonant state dispersions of a scalar impurity in d−wave superconductors from the works of Balatsky and Hirschfeld [46] [47] [48] . We begin by writing out the non-interacting Greens' constant and µ is the chemical potential) , and ∆( k) = ∆ 0 cos 2φ k .
In general, the matrix g 0 (ω), can be written asĝ
Given the form of the scattering matrix,V = 1 cσ 3 , the condition for the existence of resonant states is that the determinant of σ 0 −Vĝ 0 (ω) must vanish. This translates to
Our task now is to evaluate these functions for the case of a d−wave superconductor with a quadratic dispersion in two dimensions. The quantity G 1 (ω) is zero since the gap function changes sign across the Brillouin zone and the φ integral vanishes. Similiary G 3 (ω) is zero if we assume particle-hole symmetric bands in two dimensions. Keeping this in mind, we evaluate G 0 (ω) for quadratic bands and, in the limit ω ∆ 0 , it can be shown that [47] 
The condition for the existence of a resonant state (appearing in Eq. 4) with frequency Ω (whose real and imaginary parts are denoted by Re(Ω) and Im(Ω)) simply reduces to G 0 (Ω) = ±c. The only under-damped solution to this equation as a function of c has two important features to which one needs to pay attention (Fig 3 left  panel) : (i) both the real and imaginary parts of Ω go to zero in the unitarity limit (c → 0). This implies that the in-gap resonant state gets sharper and softer (yields a sharp zero bias peak in the unitarity limit) as a function of the impurity scattering strength and (ii) for a finite range of c, the real part of Ω is slightly larger than the imaginary part of Ω. This is the regime where the resonant state is reasonably well defined, and above this value of c, the state is heavily damped. We wish to compare this result to the dispersive properties of an impurity on the surface of a line nodal semimetal with a d−wave pairing in the quasi-flat band limit. To do so, we choose the normal state density of states profile as a Lorenztian of the form ρ( ) = γ/π γ 2 + 2 with a width γ that peaks at the Fermi level. The energy scale γ can be chosen to be the smallest among all other energy scales in the problem (bandwidth W , pairing amplitude ∆ 0 and frequency ω). Similar to the previous case of a quadratic dispersion, we have G 1 (ω) and G 3 (ω) to be zero. To calculate G 0 (ω) for the surface of a line nodal semimetal, we substitute for the Lorentzian density of states profile into the momentum integral. In the limit of W ∆ 0 ω γ, we obtain (see Supplemental material for details [45] )
where we have defined ξ ≡ ω ∆0 . This form of G 0 (ω) LN S bears some similarities to the ones we derived in Eq. 5; however, the crucial difference in Eq. 6 is the appearance of an additional term 1 ξ 2 due to the presence of the quasiflat band. This power law term has important consequences to the resonant state energies (see Fig. 3 ). Unlike the two dimensional electron case with quadratic bands, the condition G 0 (ω) = ±c admits two under-damped solutions (Ω 1,2 ), one for each sign. The real and imaginary parts of these solutions are shown in the center panel of parts of Ω 1 and Ω 2 disperse in opposite directions in the unitary regime. Note, however, that the dispersion of the real part of Ω 2 cannot go on to zero energy in the weak scattering (or large c) limit. It is reasonable to expect this as there should be no in-gap resonant states when the scattering strength goes to zero. Our result is consistent with this expectation since for large values of c (shaded region on the right in Fig. 3, center panel) , Ω 2 becomes comparable to γ, and the quasi-flat band approximation weakens and eventually breaks down. On the other hand, in the unitarity limit c < ∼ 0.1 (shaded region on the left in Fig. 3, center panel) , the real parts of both Ω 1 and Ω 2 approach a relatively large fraction ( Ω ∆0 ∼ 0.8; compare this to the quadratic band case in Fig. 3 left most panel, where it goes to zero energy) of the maximum gap value. This proximity to the continuum, coupled with the fact that the peak intensities go to zero for large impurity scattering, makes it experimentally challenging to observe this mode. Therefore, there is an optimal window of the scattering strengths where the resonance occurs predominantly due to quasiflat band effects and, at the same time, is experimentally observable (see Fig. 3, right panel) . Finally, there is expected to be little spatial variation of the peak intensity on different sites close to/ at the impurity [49, 50] due to lack of spatial dynamics in a quasi-flat band system. Summary: To conclude, we studied the effect of nodal d−wave pairing in the bulk and on the surface of a line nodal semimetal, and determined the role of impurities through the joint density of states, which could be measured via quasiparticle interference experiments. We observed that, unlike conventional two-dimensional metals where nodal superconductivity yields point nodes, the surface of a line nodal semimetal gives rise to line nodes. As a consequence, due to the additional impurity scattering phase space available within the area of the flat band, the JDOS pattern on the surface of a line nodal semimetal acquires an extended character in the Brillouin zone instead of a collection of discrete delta function peaks. Using the T −matrix formalism, we also examined resonant state energy dispersions of a single scalar impurity on the surface of a line nodal semimetal with d−wave pairing. Our results demonstrated that the momentum averaged Green function contains a power law type contribution in addition to the logarithmic term usually found for nodal superconducting quadratic bands. Such a contribution admits two different under-damped solutions to the resonant state energies, unlike the case of two dimensional electrons with quadratic bands where there is only one under-damped solution. The first solution is a broad, low intensity mode located closer to the continuum that disperses toward zero energy in the unitary limit; the second is a more intense, sharp, lower energy mode that disperses away from zero energy. We argued that first mode may be challenging to access experimentally while the second can be more readily observed. Our results also signal a destruction of zero bias tunneling peaks (in the unitarity limit) on the surface of a line nodal semimetal with d−wave pairing. Looking forward, it could be interesting to explore impurity effects in Josephson junctions on line node semimetal surfaces, analogous to investigations on helical metals [51] . We are hopeful that our findings would motivate scanning tunneling spectroscopic experiments on line node semimetals. ourselves to scalar potential scatterers; this makes the T -matrix independent of momentum. Under this condition, the T -matrix becomesT
.
Here, we have definedĝ
N 0 is the density of states at the Fermi level, and the scattering matrixV is given by 1 cσ 3 . We have also used the parameter c = cot(N 0 U 0 ) as a measure of the strength of an s-wave scatterer as done in Ref. [47] , where U 0 is the strength of the impurity scatterer; therefore, the unitarity limit (large scattering strength, N 0 U 0 → π 2 ) corresponds to the case when c → 0.
Superconducting state with quadratic dispersion in two dimensions (D=2) and a d−wave pairing form: For the sake of comparison with the case of the quasi-flat band, we revisit the calculation of Ref. [47] for the energy of the in gap bound state in a nodal, single band, d−wave superconductor. We begin by writing out its non-interacting Greens function given asĜ
whereĤ 0 ( k) = ( k)σ 3 + ∆( k)σ 1 and σ i are the Pauli matrices (henceforth, we will absorb the chemical potential µ into ( k) and keep it to be non-zero, in general. It will be explicitly shown where important). The Greens' function is explicitly evaluated asĜ
We now proceed to evaluate the condition for the existence of a bound state when the Greens' function is a matrix. In general, the matrixĝ 0 (ω), can be written aŝ
where the functions
Given the form of the scattering matrix,V = 1 cσ 3 , the condition for the existence of bound states is that the determinant of σ 0 −Vĝ 0 (ω) must vanish. As discussed in the main text, this condition is given by
Our task now is to evaluate these functions for the case of a d−wave superconductor with a quadratic dispersion in D = 2. The function G 1 (ω) is zero since the gap function changes sign across the Brillouin zone and the φ integral vanishes. For G 3 (ω), we write
Here, we have chosen a dispersion of the form ( k) = αk 2 − µ and ∆ φ = ∆ 0 cos 2φ. From now on, we set the total bandwidth as 2W and a chemical potential (µ = E f ∼ W ) close to or at half filling. As it can be seen, in the 2D case for a quadratic band, the chemical potential does not play a role. The integrand appearing above is anti-symmetric in and, hence, G 3 (ω) = 0. Next we calculate G 0 (ω) given by
where N 0 is the total 2D density of states at the Fermi level and is given by 
where we have substituted ∆ φ for the d-wave order parameter and ∆ 0 is the pairing amplitude. The φ integral can be performed easily to give
where K(x) is the elliptic K function. Since we are looking for in gap bound states, we study the case where ω ∆ 0 . A series expansion of the elliptic K function is well known in this limit and G 0 (ω) reduces to
Model for the line nodal semimetal: For the sake of completeness, we have provided the bulk band structure plots, bulk density of states, and the surface bands in the flat band and quasi-flat band limits in figures 3 and 4 of this Supplemental Material. 
